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The Rayleigh-Taylor instability of viscous and viscoelastic (Oldroydian) fluids, separately, has
been considered in porous medium. Two uniform fluids separated by a horizontal boundary and the
case of exponentially varying density have been considered in both viscous and viscoelastic fluids.
The effective interfacial tension succeeds in stabilizing perturbations of certain wave numbers (small
wavelength perturbations) which were unstable in the absence of effective interfacial tension, for

unstable configuration/stratification.

1. Introduction

A detailed account of the Rayleigh-Taylor instabil-
ity of Newtonian viscous fluids has been given by
Chandrasekhar [1]. Oldroyd [2] proposed a theoreti-
cal model for a class of viscoelastic fluids. An experi-
mental demonstration by Toms and Strawbridge [3]
has revealed that a dilute solution of methyl
methacrylate in n-butyl acetate agrees well with the
theoretical model of Oldroyd. The medium has been
considered to be non-porous in all these studies.

A theoretical and experimental investigation of the
instability of slow, immiscible, viscous liquid-liquid
displacement in porous media has been made by
Chuoke et al. [4]. In flows through porous media, the
front is not sharp (as in ordinary fluid dynamics) but
is dispersed and broad. Chuoke et al. [4] have assumed
a macroscopic interface and an ‘effective interfacial
tension’.

Considering a viscoelastic fluid, e.g. a dilute solu-
tion of methyl methacrylate in n-butyl acetate, and an
ordinary viscous fluid, the present paper deals with
the Rayleigh-Taylor instability of Newtonian and
Oldroydian viscoelastic fluids in porous media. The
problem finds its usefulness in chemical technology
and geophysical fluid dynamics.
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2. Newtonian Fluid. Perturbation Equations

The initial stationary state, whose stability we wish
to examine, is that of an incompressible fluid of vari-
able density and viscosity arranged in horizontal
strata in a porous medium of variable porosity and
permeability. The character of the equilibrium of this
initial static state is determined by supposing that the
system is slightly disturbed and then following its fur-
ther evolution.

In flows through porous media there are no sharp
fronts and so no actual interfacial tensions at some
prescribed levels z,, as in ordinary fluid dynamics.
However, there is a macroscopic interface (broad
front) if viewed from a large distance, and by analogy
with Laplace’s formula, at each point of the macro-
scopic interface

(P1—P2)z=z,=—Ti(c,+¢3), 1)

where c,, ¢, are the signed principal curvatures of the
macroscopic interface and T, is the ‘effective interfacial
tension’. This is the first approximation to the prob-
lem since in practice there is no ‘effective surface ten-
sion’ but in the absence of any better theory, this is
being used. This theory was enunciated by Chuoke
et al. [4].

Let &g, 6p and ¢ (u, v, w) denote respectively the
perturbations of the density g, pressure p and velocity
v (0, 0, 0). Let the discontinuity in density occur at
z = zg, which after perturbation becomes

India. z,+0z,(x, y, t). 2
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Therefore, on account of (1), the discontinuity in the
normal stresses required for equilibrium is

02 02
T\ =5 + == | 6z. 3
S (axz ayZ) S ( )
Hence, the linearized perturbed equations of motion
and continuity in porous medium are
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where n, denotes the normal to the macroscopic
interface. ¢, k, and p stand for medium porosity,
medium permeability and fluid viscosity respectively.
A=(0,0,1).

Since the density of a particle moving with the fluid
remains unchanged, we have

%

+(@-V)o=0,
A @ Ve

€
which after perturbation, using initial conditions and
on linearization, yields

do

dz ©)

0
e—d0=—w
ot ¢
Analyzing the disturbances into normal modes, we
seek solutions whose dependence on x, y, and ¢ is
given by

exp(io,x+ia,y+nt), (7)

where o, o, are horizontal wave number, o=
(a2 +«2)"? and n is a complex constant.
Equations (4)—(6), using expression (7), give
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(11)
(12)

i, u+ia,v+Dw=0,

endo=—wDo,
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where D = di .In (10), 8z, can be expressesd in terms
v4

of the normal component of the velocity w at z since
0 ) W,
sa (8z,)=w,, ie.dz,= Pl (13)

where the subscript “s” indicates the value of the
quantity at z =z,.

Eliminating u, v, and 8p between (8)—(10) and using
(11) and (12), we obtain

e n e, n
D[<E+W)DW]=“2[<?+E)DW (14)

D 2
_9( Qz)w + 2 Szws 6(2—25)}.
en en

a) Two Uniform Fluids Separated
by a Horizontal Boundary

Let two uniform fluids of densities and viscosities
01, 115 02, H,, and medium porosites and permeabili-
ties &, ky; &,, k, be separated by a horizontal
boundary at z = 0. Then for both regions of the fluid,
(14) reduces to

(D*—a?)w=0. (15)
Since w must vanish both when

z——o00 (in the lower fluid)
and
z—+o00 (in the upper fluid),

and since w must be continuous across the interface at
z =0, we must suppose that

(z<0)
(z>0)’

W1=Ae+az,

wy,=Ae **,

(16)

where A is an arbitrary constant.
Another boundary condition, which in view of (14)
must be satisfied at an interface between two fluids is

2
Ao[<eo+ ﬁ)nw] = =59 40(@—TIwo, (1)

where w,, is the value of w at z=0 and 4,(f) is the
jump which a quantity f experiences at the interface
z = 0. Applying the condition (17) to the solutions (16),
we obtain

€ (A
(02 +01) n? + <”f( 2 4 5,‘(—‘)n
2 ) |

—afg(e,—e,) —*T]=0.

(18)
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It is clear from (18) that the system is stable if g, <o,
and is unstable for g, > g, for all wave numbers in the
range 0<a <a,, where

o = I:Q(Qz—Qx)jI”Z.
T

But for all perturbations with wave numbers o > «, the
system is stable.

The surface tension, therefore, succeeds in stabiliz-
ing a potentially unstable arrangement (¢, >g,) for all
sufficiently short wavelengths but is unable to stabilize
all sufficiently long wavelengths which remain un-
stable.

(19)

b) The Case of Exponentially Varying Stratifications

Assume stratifications in fluid density, fluid viscos-
ity, medium porosity, medium permeability and sur-
face tension of the form

=00, u=poel*, e=¢yef’,

k=k0 eﬂz, '1;=T;0 eﬂz, (20)

where 94, Uo, €9, ko> Too, and f are constants. Stratifi-
cations of the form (20) are used in order to find a
simple analytical solution. Using stratifications of the
form (20), (13) transforms to

2 (21

Qo Ko 2 2 @ 2
Qo , Fo \pr_w)w= ; - .
<80 ¥ nko)( a’)w = («*T,o—goo B w

The general solution of (20) is
w=Ae™?+Be™*, (22)

where A, B are two arbitrary constants, m;, m, are
given by the equation

M 1/2
m1'2=4_-a|:1+ f] >

1 0
2(“27;o‘ggoﬂ), L=<—0+
n €o

(23)
and

M=

Ho
) e

If the fluid is supposed to be confined between two
rigid planes at z =0 and z = d, then the vanishing of w
at z=0is given by

€o

w=A(e™*—e™?), (25)
and the vanishing of w at z =d requires
e("'x—mz)d == eZisn,

(26)

which implies that

(m,—my)d=2ism, (27)

where s is an integer.
Inserting the values of m,, m, from (23) in (27), we
obtain
M s?n?
1+ —=

L o2d’

which on simplification gives the dispersion relation

2 &P (28)

&V o2 T,
n+ n+ X —gB)=0.
ko o2 d? + s* n? %o 9b

If B < O (stable stratifications), (28) does not allow any
positive root of n, and so the system is always stable
for disturbances of all wave numbers.

If B > 0 (unstable stratifications), the system is still
stable for all perturbations with wave numbers a >a_,
where

: [gﬂ Qo]”2
o= -
Ty

But for >0 (unstable stratification), the system is
unstable for all wave numbers in the range 0 < a < a_.

(29)

3. Oldroydian Viscoelastic Fluid

Here we consider the same problem as described in
Sect. 2 except that the fluid is Oldroydian instead of
Newtonian. The Oldroydian viscoelastic fluid is de-
fined by the relations

7;j=—p5ij+rij9

d d
<1+).Et—>‘[ij=2[l<1+)»oa)eij,

1/9q; , 9q;
U (ax,. A

Ll

(30)

Here T;}, ;;, e;;, 9;;, ~ and 4y (< 4) denote respec-
tively the stress tensor, shear stress tensor, rate-of-
strain tensor, Kronecker delta, stress relaxation time
and strain retardation time. dit = % + q - V stands for
the convective derivative. Relations of the type (30)
were first proposed by Jeffreys for the Earth and stud-
ied by Oldroyd [2]. Oldroyd [2] also showed that
many rheological equations of state, of general valid-
ity, reduce to (30) when linearized.
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When a fluid flows through an isotropic and homo-
geneous porous medium, the gross effect is repre-
sented by Darcy’s law. As a result, the resistance term
replaces the usual viscous term. This fact, together
with the constitutive relations (30) yields the linearized
perturbed equations of motion for the Oldroyd vis-
coelastic fluid through a porous medium as

e
ot

(31)

Equations (5) and (6) remain unaltered. Eliminating u,
v, Op, 0¢ and 0z, from (5), (6), (13) and (31), and using
(7), we obtain

D[{(1+}.n)§n+(1+)~0n)%}0w]

D 2T
=(1H,,)az[_e,,w_ 90w sta(z_zs)]
& En en

(144, n)—:—w. 32)

a) Two Uniform Oldroydian Fluids Separated
by a Horizontal Boundary

Here we consider the case of two uniform Oldroyd-
ian viscoelastic fluids of densities, viscosities @,, i;;
0,, 1, and medium porosities, permeabilities ¢, k;
&5, k,, separated by a horizontal boundary at z =0.
Then for both regions of the fluid, (32) reduces to (15),
and so the solutions are given by (16). The jump con-
dition is given by

4, [{(1 +}tn)% +(1+4gm) ik} Dw]
" (33)

aZ

= —(1+)-n)8?[9(92”91)—°‘2T]W0,

where w, is the value of w at z=0. Applying the
condition (33) to the solutions (16), we obtain the
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dispersion relation

My €

X i
Ao, +0y) n’ +| (e+0)) + 4o + =k n’
ks ky

& € M
+ [(ﬂz 2 4 ”_1‘1> +/.a{a2T—g(Qz—Ql)}]
k. ky

(34)

+afa*T—g(e,—0)]=0.

It is evident from (34) that the surface tension suc-
ceeds in stabilizing all wave numbers o > o, where

3 [g(ez—ol)}”z
o =|———— .
¥ T

b) The Case of Exponentially Varying Stratifications

Using stratifications of the form (20), (32) becomes

[(1+;.n)@ +(1+i.0n)—#9—:|(D2—a2)w
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en?
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Proceeding exactly as in Sect. 2(b), we obtain the dis-

persion relation
Ao€
ioon® + <Qo 4220 0#0> n?
kO

€ 1 Aa*d?
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azdz
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It is evident from (36) that the system is stable for
disturbances of all wave numbers for the stable strat-
ification (B < 0). For unstable stratification (8 > 0), the
system is unstable for all wave numbers in the range
0 <a <o where

. [9Beo|'?
o= —1 .
T

However, for unstable stratification (8 > 0), the system
is stable for all wave numbers a>a..
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